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Abstract
In this article, the authors established the sufficient conditions 
for the existence of a unique solution of the nonlinear fractional 
integral equation (NFrIE) of the third kind in the Hilbertspace. 
These conditions are established in view of the Spectrum Relations 
(SRs) of a linear self adjoint operator and other spectral parameters. 
Many special and new cases are considered.
Moreover, numerical results are obtained and the error estimate, 
in each case, is computed.
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I. Introduction
Fractional differential and integral equations have gained 
considerable popularity and importance during the past three 
decades or so, due mainly to their varied applications in 
many fields of science and engineering. There are numerous 
applications in viscoelasticity, electrochemistry, Porous media 
and electromagnetic, etc. Many papers and books on fractional 
calculus have appeared recently. Most of them are devoted to the 
solvability of the linear fractional equation in terms of special 
functions and to problems analytical in the complex domain, see 
[1-4]. Also, the NFrIEs with its applications have been considered 
in manyarticles; for example, see [5-8].
Consider in the Hilbert space L2 (0, a) the NFrIE of the third 
kind
I0

α K(t)γ(t,∅(t) )+A∅(t)-λ(t)∅(t)=f(t)(0<∝<1,t>0) (1)
I0

α is the Caputo’s integration, A:H→H is a linear self-adjoint 
operator, ∅:R+→H is unknown function, γ(t,∅(t) ) is known 
function; λ(t) is a given function on R, which we may interpret it 
as spectral parameters and K, f:R+→H are given functions.
The equivalence fractional differential equation is

 (2) 
In this article, the existence of a unique solution of Eq.(1) or Eq.(2) 
will be discussed and proved under certain relations between 
the operator A and the function λ(t). Many special cases can be 
derived and new results are obtained. Also, the error estimate is 
computed.
For the existence theorems of the FrIE, we refer the reader 
to Refs.[1-2]. Concerning the definitions of fractional integral 
(differential) and its derivatives with its basic properties, we refer 
the reader to Ref.[2-3].

II. Preliminaries
For the convenience of the reader, we present here the necessary 
definitions andproperties from fractional calculus theory.
Definition (1): The Riemann - Liouville fractional integral α > 0 
of order, of a function
f: (0, ∞) → R is given by

         (3)
Provided that the R.H.S is point wise defined on (0,∞).
Definition (2): The Caputo fractional derivatives of order α > 0 
of a continuous function
f:(0,∞)→R is given by

 (4)
provided that the R.H.S is pointwise defined on (0,∞).
Definition (3): Mittag - Leffler function is defined as

 (5)
From Eq.(3), we can derive that

Where

  (6)
Definition (4): We define the Humbert function as

 (7)

A. Lemma (1 without proof)
The self-adjoint compact operator Kϕ in L2 ([0,a]) space, can be 
writtenin the form Kϕn= αn ϕn, n > 0, where  αn and ϕn are the 
eigenvalues and the eigenfunctions, respectively.

III. Existence and Uniqueness of Solution
In this section, the existence and uniqueness of solution to the 
Eq.(1), or Eq.(2), will beproved under certain conditions especially 
the relation between the self adjoint operator and the parameter 
λ(t).
For this aim, we set the following assumptions:
(i). λ(t) is a continuous function for t > 0 and its range on [0, t] is 
denoted by A(t) = {λ (s), 0 ≤ s ≤ t }.
(ii). K(s) is a continuous function on  and satisfies k(t)= sup0≤s≤t‖K(s) 
‖H < ∞, (t > 0).     
(iii) Denote σ(A) to be the spectrum of the self-adjoint compact 
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operator A and ‖.‖t = sup0≤s≤t‖.‖
(iv) Assume the known function f(t) is bounded in the interval 
[0,T].
(v) The known function γ(t,ϕ(t)) satisfies
(v-a) ‖γ(t,ϕ(t)) ‖t ≤ E1 ‖ϕ(t)‖t,
(v-b) ‖γ(t,ϕ1 (t))  - γ(t,ϕ2 (t)) ‖t ≤ E2 ‖ϕ1 (t)-ϕ2 (t)‖t
where E1 and E2 are constants with E > E1 and E > E2.
To discuss the existence of a unique solution of NFrIE (1) we 
should investigate the relationship between λ(t) and the spectrum of 
the operator A. For this, we consider the following two cases:
Case (1): Assume that λ(t) does not intersect the spectrum of the 
operator A i.e, A(t)∩σ(t) = ϕ. In other word, assume λϵσ(A). Here 
the resolvent, R(λ(t) = (A-λI)-1, of A exists. Moreover the resolvent, 
for every λϵA(t), is bounded and the norm is denoted as
k(t) = supλϵA(t)‖Rλ(t) ‖    (8)
Theorem 1: For this case, the NFrIE (1) has a unique solution 
under the condition
Ek(t)B(t) tα < αΓ(α)    (9) 
Also, the norm of the solution of (1) is given by

  (10)
Proof: To proof the convergence of Eq. (1), in view of case (1), 
we assume
Ψ(t) = (A - λ(t)I) ϕ (t)    (11) 
Hence, we rewrite Eq.(1) in the form

 (12)
Construct the sequence of the functions ψn (t), n ≥ 0, in view of 
(12), as

 (13)
Here, from (12) and (13), we consider

   (14)
Using Picard method and then under the conditions (i) - (v-a), 
the formula (13), yields

 (15)
This bound, under the condition (9), makes the sequence {ψn} 
converges and hence we can write

 (16)
The continuity of the solution can be discussed if we assume Ψ1(t) 
and Ψ2(t) are two different solutions of Eq.(12) in the Hilbert 
space. Hence, we get

 (17)
Formula (17) leads to the continuity of the solution.
Moreover, under Eq.(9) the fractional integral operator is a 
contraction operator. Hence, Eq.(12) has a unique solution.Using 
Eq.(11) the unique solution of Eq.(1) is given by Eq.(10).

Now we discuss the existence and uniqueness of solution of Eq.(1) 
under the conditions of the following case:
Case 2: When A(t) has a common point with the spectrum of A. 
Suppose that λ(0)=λ0 coincides with one of the isolated points of 
the spectrum of the operator A. Also, assume λ(t)∈σ(t) for all t > 0. 
Hence, if  for every t > 0, then we have (see Grubb [9])
(a) |λ(t) - λ0 | ≥ C(T)t, 0 ≤ t ≤ T   (18)
(b) t‖Rλ(t) ‖ ≤ C(T) <∞, 0 ≤ t ≤ T
Definition (5): We say that f∈N∝ (R+, N), ∝>0 if f:R+→H is 
continuous on the half line t ≥ 0, f (0) = 0H and

Theorem (3): Under the assumption of case (2), for every k∈N∝ 
(R+, H) with 1/2 < ∝ ≤ 1;
f∈Nγ (R+, H), γ > 1/2, α ≠ γ and . Then, under 
the following condition
E D(t) ‖K‖∝ t2∝-1 < ∝Γ (∝)    (19)
the NFrIE of Eq.(1) hasa unique solution in the form

 (20) 
Proof: Following the same way of theorem (1), we have 

  (21)
By induction, we obtain

  (22)
To evaluate the β function, we note that for 1/2 < ∝ ≤ 1 and >1/2,  
we have (k-1) (2α-1) + α + γ > 1 and if 0 ≤ τ < 1, we get τ(k-1)

(2∝-1)+∝+γ-1) ≤ 1. Hence, we can deduce that:
β[(k-1)(2∝-1) + ∝ + γ, α] ≤ 1/∝        (23)
Using (23) in (22) we have

 (24)
The formula (24), under the condition (19), leads to the convergence 
of the NFrIE of Eq.(13).
Taking limit for both sides of Eq.(24) we have the convergence 
solution of Eq.(14),in the form

 (25)
The continuity of Eq.(12) can be proved as theorem (1) to have

  (26)
 Using condition (19) and Banach fixed point theorem, we deduce 
that the NFrIE of Eq.(12) has a unique solution. Moreover this 
solution of Eq.(1) is given by Eq.(20).

IV. Application

A. First Application
As an important application, we consider in the Hilbert space L2 
(0, a), a > 0, the following integral equation
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 (27)

The formula (27) is called the nonlinear Fredholm-Volterra integral 
equation of the third kind. If λ(t) = constant ≠ 0, the equation is 
called an integral equation of the second kind while it is called of 
the first kind when λ(0) = 0. The integral equation in the nonlinear 
case γ(x,ϕ(x,t)) or in the linear case when γ (x,ϕ (x,t)) = ϕ(x,t), 
arises in the theory of elasticity, contact problem and creep theory. 
The given kernels F(t,s) of Volterra integral term and k(x,y) of 
Fredholm integral term are connected with some elastic materials 
base. The given function λ(t) describes the elastic properties of 
deformation body. This body has been described by the function 
f(x,t). More information for the physical meaning of Eq. (27) and 
its applications with some different methods of solution can be 
found in Refs.[10-14].
(1) In case (1) and when A(t)∪σ(t)=ϕ, the unknown function 
ϕ(t),t∈[0,a],a>0, is obtained for all values 0 < α ≤ 1. Moreover, the 
solution of ϕ(t) at α = 1 can be obtained directly from Eq.(10).
(2) In case (2), when λ(0) coincides with one of the isolated points 
of the spectrum of operator A and λ(t) ϵ σ(t) for all t > 0, we see 
that 1/2<∝≤ 1.
Second Application: The Boltzmann equation

can be considered as a special case of our work when γ(t,ϕ(x,t) 
)=ϕ(x,t),α→1,f(x,t) = 0. When k(x,t) = 0 we have the following 
fractional differential equation

which has many applicationsin the dynamical system when 
γ(t,ϕ(x,t) )=ϕ(x,t),∝→1
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