
IJCST Vol. 4, ISSue 1, Jan - MarCh 2013  ISSN : 0976-8491 (Online)  |  ISSN : 2229-4333 (Print)

w w w . i j c s t . c o m 586   InternatIonal Journal of Computer SCIenCe and teChnology

Robust Controller Design by Multi-Objective Optimization 
With H2/H∞/µ Combination

1Javad Mashayekhi Fard, 2Dr. Mohammad Ali Nekoui, 3Dr. Ali Khaki Sedigh,
4Dr. Roya Amjadifard 

1Dept. of Electrical Engineering, Science & Research Branch, Islamic Azad University, Tehran, Iran
2,3Dept. of Electrical Engineering, K. N. Toosi University of Technology, Tehran, Iran

4Dept. of Computer Engineering, Kharazmi University, Tehran, Iran

Abstract
In a physical system several targets are normally being considered 
in which each one of nominal and robust performance has their own 
strengths and weaknesses. In nominal performance case, system 
operation without uncertainty has decisive effect on the operation 
of system, whereas in robust performance one, operation with 
uncertainty will be considered. Every target may cause intensive 
limitation on the rank of the controller matrix and even on its 
response. The purpose of this paper is to present a balance approach 
between nominal and robust performance of the state feedback. 
This new approach uses the combination of two controllers of μ 
and H2/H∞. At first, a controller of H2/H∞ will be designed for 
nominal performance target, robust stability and noise reduction 
and then µ controller will guarantee the robust performance. 
Combination of these two controllers in an appropriate weighting 
will be the final step of the design. Simulation and comparison 
studies are used to show the effectiveness and benefits of this 
method.
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I. Introduction
Un-modeled dynamics, non linearity of systems and the availability 
of disturbances usually cause that linear control systems theory 
never reaches the ideal solution. For this, several targets are attended 
in a control system. (1) Robust Stability: meaning that system will 
be stable with uncertainty. (2) Nominal performance: without 
considering uncertainty, the fault of system will be minimized. 
(3) Robust performance: with considering uncertainty, the fault 
of system will be minimized. To consider robust performance, 
use µ analysis. Usually, the availability of robust performance 
causes extreme limitations on the controller and prevents it from 
reaching its feasible condition, and in the case of achieved feasible 
condition, it increases the grade of the controller, and the resulted 
controlling signal increases and causes to saturate actuator. But in 
some systems it will be used, compulsorily. For example, in power 
systems which transient response is decisive, robust performance 
will be considered. (4) Operating limitation on controlling signal: 
increase of controlling signal causes saturation of actuators. H2-
norm essence can be responsible for such target. (5) Minimizing 
disturbance effect: distortion can cause undesirable effect of 
transient response, so reducing the effect of disturbance, is one 
of the controlling targets. Mixed norm of H2 and H∞ can be a useful 
strategy, to reach noted controlling targets. To date, number of 
studies has been performed on the mixed norm and multi- objective 
control. This paper attempts to present an implementation approach 
for controlling systems. One of the useful techniques used on 
controlling system is the robust state feedback. Prevalently, it is 
possible to design a controller which regularly includes 5 noted 
targets above. In a more explicit description, controller includes 

two parts, the first one using mixed H2 and H∞ norm and the other 
using µ synthesis. These two parts, include weights each of which 
have important roles in systems control, because each of 2 and 3 
targets, has its own definiteness which their combination can create 
a new solution. In operation, we look for minimizing faults. If the 
available error function is not desirable, using a suitable weight 
function can lead to the target. So, designing weight function 
is extremely important. At first, a controlling problem will be 
changed to LFT standard form, considering uncertainty, then 
status equations will be written and using constraint’s weight 
function will be determined to reach the robust controlling 
targets. Then, using robust state feedback method, now it is time 
to select them again, using state feedback and weight functions 
repetition methods to supply the robust performance of system in 
an acceptable way. The first formulation of H∞ control problem 
performed in 1981 by Zames. Next to Zames, Doyle, Zhou, and 
Glover were premiers of robust control. To date, a vast number 
of researches have performed studies in robust control, H2 control 
and H∞ control. Doyle et al in [1] analyzed the state space with H∞ 
and H2 standard form and its solving. The conditions of solving 
problem and its solution using Hamiltonian matrix introduction 
are of importance of this paper. This paper is a comprehensive 
reference that has been beneficial in many other research works. 
Doyle et al in [2] present a tutorial overview of linear fractional 
transformations (LFTs) and the role of the structured singular 
value, μ, and Linear Matrix Inequalities (LMIs) in solving LFT 
problems. Rotea et al in [3] combined H2/H∞. Two important 
approaches are presented. (1) Minimal H2-norm subject to an 
H∞-norm constraint. (2) Simultaneous H2/H∞ optimal control. In 
each step, problem formulation and controller were performed. 
Doyle et al in [4] are shown that different of a mixed H2 and H∞ 
infinity norm arise from different assumptions on the input signals. 
Lanzon in his PHD thesis chooses the weight functions in μ and 
H∞ design [5]. Akbar et al in [6], study a mixed H2/H∞ control 
law is derived using auxiliary cost minimization approach for 
continuous time linear time invariant singularly Perturbed System 
(SPS). The time responses of closed-loop LQG, mixed H2/H∞ 
and H∞ control system for a unit step input and their robustness 
measures such as Gain and Phase margin for the open-loop systems 
are analyzed. See for instance the references [7–9] for the mixed 
norm control. Tan et al in [10], Robust load frequency control for 
power systems is discussed. Keel et al in [11], show by examples 
that optimum and robust controllers, designed by using the L1, H∞, 
H2, and μ formulations. The rest of this paper is as follows. Section 
II, establishes the problem to be addressed, the H2/H∞, µ and 
H2/H∞/μ combination control will be demonstrated. Section III, 
presents the analysis and comparison of robust controllers, and the 
extension for multi-objective control design. A numerical example, 
in Section IV, illustrates the approach and the results of simulations 
will be discussed. Section V, presents the conclusions.
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II. Problem Statement

A. H2/H∞ Controller 
Existence of uncertainty created due to an uncertain and erratic 
input (noise and disturbance) and Un-modeled dynamics cannot 
be described completely and precisely as a true system by a 
mathematical modeling. On the other hand, a true system should 
contain the following important objects: robust stability, robust and 
nominal performance, settling time, maximum over shoot and etc 
which try to gain these objectives about the controlling problem 
[12-15]. The type of uncertainty is another important factor in the 
system analysis. Consider additive uncertainty shown in fig. 2. 

 
Fig. 1: M −Δ Model 

Fig. 2: Additive Uncertainty

In this case, robust stability task is: 

            (1)
The objective for the inner loop control is to design a state 
feedback law such that the close loop system satisfies the following 
performance specifications,

Objective 1: if 0=∆ then (nominal performance). 
(S is sensitivity function).

Objective 2: if 0≠∆ then system is robust stability.
 

 
Objective 3: n is white noise with one PSD (power spectral 
density). H2 norm, caused due to decrease in the controlling signal. 

(To minimize U1 variance with noise input). F(s), R(s) and γ(s) is 
weighting function) from parseval equation and objective 3:

Then we have three tasks for controller design 

such that

              (2)
Problem (2) shown in fig. 4. Rotea and Doyle offer two another 
methods for solve this problem. [3, 7-8]. A large class of system 
with uncertainty can be treated as LFT (Linear fractional 
Transformation). LFT model is shown in fig. 3. W: the disturbance 
signals to the system which won’t be a function of states of system, 
Z: the variable that will be controlled, P: the nominal open loop 
system, Y: the system measurable output. To transform the changed 
diagram of figure 4 to the LFT model, we will write the problem 
in the standard form, and then solve it using of Riccati equation 
[16] .The (2) LFT model is practicable in form (4) and can be 
used to design a controller by theorem 2. State space of fig. 4 is 
written in (4).

   (3)
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Fig. 3: LFT Model 

Fig. 4: Graphical Model of Problem (2)

Determining (3) weight functions, specified in fig. 4, contain 
special importance. Using robust optimal state feedback method 
for (4) equations.

B. µ Controller 
Here we try to assess robust performance of this closed-loop system 
using µ-analysis. Robust performance condition is equivalent to 
the following structured singular value µ test [2].

    (5)
The complex structured singular value  is defined as 

Lower and Upper bond of 
µ can be shown to .

1. D-K iteration
Unfortunately, it is not known how to obtain a controller achieving 
the structured singular value test directly. But we can obtain the 
lower and upper bounds of µ. This method taken here is the so-
called D-K iteration procedure. The D-K iteration involves a 
sequence of minimizations over either K or D while holding the 
other fixed, until a satisfactory controller is constructed. First, for 
D = I fixed, the controller K is synthesized using the well-known 
state-space H∞, optimization method. LFT form of fig. 2 is written 
in equation (6) [17-18]. 
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C. New approach: H2/H∞, μ combination 
Now, we tend to synthesize two collectors according to fig. 5. As 
mentioned before, the availability of robust performance causes 

extreme limitation on the controller, which sometimes prevents it 
from reaching a possible condition. Also, availability of nominal 
performance means considering operation without uncertainty, and 
it is usual that the essence of uncertainty has decisive effect on 
the operation. So, we tend to balance between robust and nominal 
performance. W1 and W2 are weight functions. Having this data, 
we can determine which frequencies have more uncertainty 
effect, with regard to the controller effect of μ. Of course, it is of 
importance to mention that robust performance contains nominal 
performance, so, controller coefficient of μ should be smaller than 
H2/H∞ controller coefficient. 

 
Fig. 5: Controller 
 
Problem 1: Determine W1 and W2, in a way that an additive 
uncertainty system contains robust stability. 

1

1 1 2 2 1 1 2 2( ) ( )

1

M W K G W K G I W K W K

M

−

∞

= + + +

<
               (7) 

1. Robust Optimal State Feedback with H2/H∞, μ 
Combination
We now attempt to follow the analysis of the conditioning of 
the pole placement problem. Patton and Liu shown a number of 
robust performance indices have been considered in optimization 
approaches for control system design [19]. In robust control 
using H∞ optimization, the objectives are expressed in terms of 
the H∞-norm of transfer functions. One of the objectives is the 
following:

 where  . 
In this paper we assume that the state of the generalized plant 
G is available for feedback. To be more precise let a state-space 
description of P (fig. 3) is given by (LFT Model):

1 1 2 2( )

W

W

x AX BU B W
Y X
U KX
x A BW K BW K X B W

= + +
=
=
= + + +



               (8)
The signal W denotes disturbance. The signals U and Y denote 
the control input and the measured output, respectively. Next to 
gaining K1 by H2/H∞ and K2 by μ analysis, we tend to determine 
weight functions, using linear matrix inequality. 
Lemma1: (bounded-real lemma) given a constant , for 
system, M(s) = (A, B, C) the following two statements are 
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equivalent, (1) this system is stable  , (2) there 
exists a symmetric positive definite matrix Q, such that: [20]

            (9)
Lemma2: Consider the feedback system of fig. 3, where G is given 
by (8). Then, a given controller K is admissible and close loop 
system is robust stability and desired performance if and only if 
there exists 1 2W and W  solving the following LMI problem:

Where,
1 1 1 1

1 1 1 2 2 2 .,W Y K W Y K− − − −= Ω = Ω
 1 2K and K

Design with equations (2) and (8) and controller achieves 
1 1 2 2K W K W K .= +  

Proof: LMI of system (8), considering BRL theorem will be (10). 
( )

       (10)

Define 
1

1 1 1 2 2 2, , , 0 0Y W K Y W K Q Q−= Ω = Ω Ω = > ⇒ Ω>

Substituting into (10) yields: 

 (11)
Lemma 2, it helps to solve of problem 1.

2. Methodology 
(i). To design the H2/H∞ for the process with uncertainty. (It helps to 
select the weighting function properly). For H2 /H∞ design can use 

Rotea and Doyle method. ([3, 8]) or use and 

obtained 1 K . For  we use inverse sensitivity function. 
Or use Automatic Weight Selection Algorithm [21-23].
(ii). To design the µ controller for the process with uncertainty (if 
the process is unstable, at first must be stabilize). D-K iteration 
method can be used to improve the performance of the controller 
design for the system. Peak value of the µ (D-K iteration) bound 
should be less than one, and obtained 2 K .
(iii). Order reduction method can be used to reduce the order of 
the 1 2 K ,K .
(iv). 1 2,W W  are given with LMI (11) then The robust stability of 
the system has to be established .
(v). H infinity norm of 2 W  must be smaller than 1 W . 
(vi). 1 1 2 2K W K W K= + . 
This controller (K) has robust stability and desired 
performance.

III. Analysis and Compare of Robust Controllers
Consider the feedback system with additive uncertainty in fig. 2. 
Several targets are attended in a system control. 
First, we analysis these purpose and finally compare them.
(1) Nominal performance, without considering uncertainty, 

the fault of system minimizes. If 0=∆ , then 1<
∞

S . 

                           (12)
(2) Robust Stability, meaning that system will be stable with 

uncertainty. , 1<⇒
∞

M            (13)
(3) Robust Stability, Nominal performance and noise omission: 
in according to sub-section 2.1 will be (2). 
(4) Robust performance, considering uncertainty, the fault of 
system minimizes. To consider robust performance, use µ analysis. 
Considering robust performance theorem will be (14) [17, 24].

        (14)
Compare (14) with (12) and (13) shows µ condition causes 
intensive limitation on the controller grade and even it’s solution 
less. 
(5) H2/H∞/µ controller, considering fig. 5, will be 

We tend to balance between robust and nominal performance. W1 
and W2 are weight functions. Having this data, we can determine 
which frequencies have more uncertainty effect, considering the 
controller effect of μ. Of course, it is of importance to mention that 
robust performance contains nominal performance, so, controller 
coefficient of μ should be smaller than H2/H∞ controller coefficient. 
For example, the stability and performance measure of the plant 

1( ) , ( ) 0.2
1

G S s
S ∞

= ∆ ≤
−  

are analyzed and are given in fig. 6. 

IV. Numerical Example & Simulation Result

The plant transfer function is
1( )

1
G S

S
=

− . At first must be stabilizing 
with feedback. Then we design H2/H∞ controller and design 
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µ controller. These controllers designed for P-K system. This 
system has single input single output. Then we use residualization 
method for reducing the order of I+GK. By considering practical 
experiments and in according to (2) weight functions 

Fig. 6: Range of K for Stability and Performance 

Selection with
0.2 0.4828

1

S
R

S

+
=

+ ,
0.2 0.4828

1.814

S
F

S

+
=

+ , 
. 1 2K and K Design with equations (2) and (8). W1, W2 are 
obtained by equation (11). In according to fig. 5, K is design. 
These simulations were performed using LMI Control Toolbox 
[25], robust multi-objective control toolbox [26] and µ-Analysis 
and Synthesis Toolbox [27] of MATLAB. The singular values of 
controllers (K) are shown in figure7. Then, the Singular value for 
M functions (controlling signal) are shown in fig. 8. The Singular 
value for S Sensitivity functions are shown in fig. 9. The Step 
responses of close loop system with uncertainty ( 3( )

1
S

S
∆ =

+ ) are 
shown in figure10. The Step responses of close loop system with 
uncertainty ( 1( )

1
S

S
∆ =

+ ) and disturbance are shown in fig. 11. The 
Step responses of close loop system with uncertainty ( 3

1( )
( 1)

S
S

∆ =
+

) and disturbance are shown in fig. 12. The sign of success is 
the combination of nominal and robust performance, together. 
The open-loop system is unstable, but the close-loop system has 
appropriate results. We compare H2/H∞/µ controller with H2/H∞ 
and µ controller. It can be observed that the response of the H2/H∞/µ 
controller is better than H2/H∞ controller. The H2/H∞/µ controller 
has lower overshoot, settling time, singular value, and gain and 
phase margin than H2/H∞ controller. The H2/H∞/µ controller has 
lower controlling signal than µ controller.

Fig. 7: Singular Value for K (Controller)

Fig. 8: Singular Value for M (Controlling Signal)

Fig. 9: Singular Value for S Sensitivity Functions

The best robust performance is µ controller but this controller has 
high controlling signal and causes to saturate actuator. Figs. 7-12 
show how we could perform balance between robust and nominal 
performance. Table 1 shows the important 

Fig. 10: Step Response for Close Loop ( 3( )
1

S
S

∆ =
+

)
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Fig. 11: Step Response ( 1( )

1
S

S
∆ =

+  + Disturbance) 

Fig. 12: Step Response ( 3
1( )

( 1)
S

S
∆ =

+  + Disturbance)

Characteristics obtained for the H2/H∞, µ and H2/H∞/µ controllers. 
These Characteristics are singular value in 0.1 rad/Sec, overshoot, 
settling time, gain margin and phase margin. K1, K2, W1, W2, K 
are presented in Table 2.

V. Conclusion 
In a physical system several targets are normally being considered 
in which each of nominal and robust performance has their 
own strengths and weaknesses. Nominal performance means 
considering system operation without uncertainty, and has decisive 
effect on the operation of system. Robust performance means 
considering operation with uncertainty. It is obvious that whatever 
the singular values of controller are higher, systems performance 

is more desirable, but, saturation will be occurred. Using H2-norm, 
can avoid over-increasing of the controlling signal and design of 
appropriate filters or otherwise the adequate choosing of weighting 
functions, also, has an important role to determine the response of 
the close-loop system. In this paper a unique method for reducing 
the controlling signal was applied. Robust performance, robust 
stability and approaches to design the corresponding weighting 
functions were considered. 

Table 1: Characteristics for the H2/H∞, µ and H2/H∞/µ 
Controllers

Characteristics H2/H∞ µ H2/H∞/µ

( ) ( ) (0.1 / sec)M db rads
2.98 3.02 3

( ) ( ) (0.1 / sec)K db rads 16 22 18

Overshoot (%), ( ) 0S∆ = 0 2.2 0

Settling Time (Sec), ( ) 0S∆ =
5.2 4.5 4.4

Overshoot (%), 1( )
1

S
S

∆ =
+

22 13 16.4

Settling Time (Sec), 1( )
1

S
S

∆ =
+

8.85 4.5 7.5

Overshoot (%), 3( )
1

S
S

∆ =
+

48 20 31

Settling Time (Sec), 3( )
1

S
S

∆ =
+

12.2 4.35 7.15

Gain Margin (db) 25 62.7 ∞

Phase Margin (degree) 69.6 71.4 71.3

Table 2: K1,K2,K and Weight Function of W1,W2 

3 2

1 5 4 3 2

4.055 15.52 19.57 8.102K =
10.3 29.6 33.23 12.94

S S S
S S S S S

+ + +
+ + + +

3 4 5

2 4 3 4 2 5

1993 7.525 10 2.232 10K =
291.8 1.993 10 1.853 10 0.1

S S
S S S S

+ × + ×
+ + × + × +

2
1W =0.033 0.165S S+

2
(0.0199 0.219)W =
1.541 4.992

S S
S

+
+

3 2286 18284 84420 5K=
( 6.47)( 86.81)( 193.98) ( 6.47)
S S S S

S S S S S S
+ + + +

≡
+ + + +
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One new approach of present paper is the combination of two 
controllers of μ and H2/H∞. The controller for robust stability status, 
nominal performance, robust performance and noise rejection are 
designed continuously. At first, the controller of H2/H∞ will be 
designed for nominal performance targets, robust stability and 
noise reduction and then µ controller for robust performance. 
Now, add up these two controllers and achieve their weights. 
Controller will be achieved from solving optimization problem. 
We tended to optimize the solutions. The shown figures results 
indicate that this unstable system, has become stable by presence 
of uncertainty, and has appropriate desired performance. 
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