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Abstract

when the database tables or nodes in a graph contain more than
one relationship, it will create complexity. This paper precisely
proposes a link-analysis-based technique allowing discovering
relationships existing between elements of a relational database
or, more generally, a graph. More specifically, this work is based
on a random walk through the database defining a Markov chain
having as many states as elements in the database. Suppose,
for instance, we are interested in analyzing the relationships
between elements contained in two different tables of a relational
database. To this end, a two-step procedure is developed. First,
a much smaller, reduced, Markov chain, only containing the
elements of interest—typically the elements contained in the
two tables—and preserving the main characteristics of the initial
chain, is extracted by stochastic complementation. stochastic
complementation considerably reduces the original graph and
allows to focus the analysis on the elements of interest, without
having to define a state of the Markov chain for each element
of the relational databaseAn efficient algorithm for extracting
the reduced Markov chain from the large, sparse, Markov chain
representing the database is proposed. Then, the reduced chain
is analyzed by, for instance, projecting the states in the subspace
spanned by the right eigenvectors of the transition matrix called
the basic diffusion map

Keywords

Graph Mining, Link Analysis, Kernel on a Graph, Diffusion Map,
Correspondence Analysis, Dimensionality Reduction, Statistical
Relational Learning

I. Introduction

Graph Mining-Structure mining or structured data mining is the
process of finding and extracting useful information from semi
structured data sets. Graph mining is a special case of structured
data mining. Graph mining is extracting the knowledge of data
by graphs.

Simple correspondence analysis, a way of analyzing a two-way
table of data. Correspondence analysis is a statistical visualization
method for picturing the associations between the levels of a two-
way contingency table. The name is a translation of the French
Analyses des Correspondences, where the term correspondence
denotes a “system of associations” between the elements of two
sets.

In a two-way contingency table, the observed association of
two traits is summarized by the cell frequencies, and a typical
inferential aspect is the study of whether certain levels of one
charactertistic are associated with some levels of another.
Correspondence analysis is a geometric technique for displaying
the rows and columns of a two-way contingency table as points
in a low-dimensional space, such that the positions of the row
and column points are consistent with their associations in the
table. The goal is to have a global view of the data that is useful
for interpretation.

Toillustrate correspondence analysis, consider the multidimensional
time series on the number of science doctorates conferred in the
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USA from 1960 to 1975 that is shown in Table 1 (Greenacre,
1984). Correspondence analysis of these data yields

Table 1:

DisciplineYear 1960 1965 1970 1971 1975

Engineermg L E ! 3432 340

Mathematics 291 G685 1222 1236 1281 1149

Phares £30 1046 168€ 1740 163% 1303
Chemustry
Earth Scignces 253 aTs 11 350 580 77 370 356
Baalogy 1963 3360
414 576 503 ] 855 853 830

1588 2116

Sociology 162 IE0 T4 LET) 638 0 G5 G800
Economics 34l LEH 826 791 863 W7 833 867

Anthropology 649 82 217 240 260 324 381 388

Cithers 314 502 1070 1392 1500 1609 1831 1550

Measure of similarity between the row-frequency profiles - the
anthropology degree and the engineering degree are far from each
other because their profiles are different, whereas the mathematics
degree is near the engineering degree because their profiles are
similar. Distances between the points representing years are
interpreted in the same way — each year point represents the profile
of that year across the various disciplines.

This paper precisely proposes a link-analysis based technique
allowing to discover relationships existing between elements
of a relational database or, more generally, a graph. More
specifically, this work is based on a random-walk through
the database defining a Markov chain having as many states
as elements in the database. Suppose, for instance, we
are interested in analyzing the relationships between elements
contained in two different tables of a relational database. To
this end, a two-step procedure is developed. First, a much
smaller, reduced, Markov chain, only containing the elements
of interest- typically the elements contained in the two tables
- and preserving the main characteristics of the initial chain, is
extracted by stochastic complementation. An efficient algorithm
for extracting the reduced Markov chain from the large, sparse,
Markov chain representing the database is proposed. Then, the
reduced chain is analyzed by, for instance, projecting the states
in the subspace spanned by the right eigenvectors of the transition
matrix called the basic diffusion map, or by computing a kernel
principal-component analysis on a diffusion-map kernel computed
from the reduced graph and visualizing the results. Indeed, a valid
graph kernel based on the diffusion-map distance, extending the
basic diffusion map to directed graphs, is introduced.

The motivations for this two-step procedure are two-fold. First,
the computation would be cumbersome, if not impossible, when
dealing with the complete database. Second, in many situations, the
analyst is not interested in studying all the relationships between
all elements of the database, but only a subset of them.
Therefore, reducing the Markov chain by stochastic
complementation allows to focus the analysis on the elements
and relationships we are interested in. Interestingly enough, when
dealing with a bipartite graph (i.e., the database only contains
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two tables linked by one relation), stochastic complementation

followed by a basic diffusion map is exactly equivalent to simple

correspondence analysis. On the other hand, when dealing with a

star-schema database (one central table linked to several tables by

different relations), this two-step procedure reduces to multiple

correspondence analysis. The proposed methodology therefore

extends correspondence analysis to the analysis of a relational.

In short, this paper has three main contributions:

* A two-step procedure for analyzing weighted graphs or
relational databases is proposed

It is shown that the suggested procedure extends
correspondence analysis.

*  Akernel version of the diffusion-map distance, applicable to
directed graphs, is introduced.

Il. Diffusion Map

A diffusion map is a machine learning algorithm for dealing with
dimensionality reduction. The algorithm was first introduced
by R.R. Coifman and S. Lafon in Applied and Computational
Harmonic Analysis and Diffusion Maps and Geometric
Harmonics. Unlike other dimensionality reduction methods such
as Principle Component Analysis (PCA) and Multi-Dimensional
Scaling (MDS), diffusion mapping is a non-linear method which
focuses on discovering the underlying manifold in which the
data is embedded. By integrating local similarities at different
scales, the diffusion map gives a global description of the data
set. Compared with other methods, diffusion maps are robust to
noise perturbation and are computationally inexpensive.
Diffusion maps try to find a relation between distance)
and probability. The basic observation is that if we take a random
walk on the data, walking to a nearby data point is more likely than
walking to another that is far away. Based on this, the connectivity
between two data points, x and y, can be defined as the probability
of walking from x to y in one step of the random walk. Usually,
this probability will be defined as the kernel function on the two
points, for example, the popular Gaussian kernel:

) =kiz,y) =" =

Here the kernel constitutes the prior definition of the local geometry
of the data set. Since a given kernel will capture a specific feature
of the data set, its choice should be guided by the application that
one has in mind.

A. Diffusion Process

With the definition of connectivity between two points, we can
define the diffusion matrix L (which is also a version of Laplacian
matrix).

Li; = k(x:, x;)

Many works use the normalized matrix as

A=

We can define the probability of moving from i to j in t steps
as:

p(z;, tla:) = My

B. Diffusion Distance

The diffusion distance at time T between two points can be
measured as the similarity of two points in the observation space
with the connectivity between them. It is given by
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Dy(zi,25)* = > (ply, tlx:) — ply, tlz;)) *w(y)

Here w(y) is a weighted function which can often be treated
as w(y)=1

C. Diffusion Process
Now, we can give the definition of diffusion map as:

Iz} = I','J."l','.[.'rl.,".;r':l;'.'r]. ,'J.:'!L',,i_.r;ul
and it can be proven that
Df (i, x;) = || Wels) — Wo(z)||”

If we take the first k eigen vectors and eigen values, we get the
diffusion map from the original data to a k dimension space which
is embedded in the original space.

D. Diffusion Map Algorithm

The basic algorithm framework of a diffusion map is as:

»  Step 1. Given the similarity matrix L

+  Step 2. Form the normalized matrix M = 'L

*  Step 3. Compute k largest eigenvectors and Eigen values
of M*

»  Step 4. Use diffusion map to get the embedding matrix Y

E. A Kernel View of the Diffusion Map Distance

*  The kernel version of the diffusion map is applicable to
directed graphs while the original model is restricted to
undirected graphs

*  The extended model induces a valid kernel on a graph.

e Theresulting matrix has the nice property of being symmetric
positive definite—the spectral decompos -ition can thus
be computed on a symmetric positive definite matrix, and
finally

*  The resulting mapping is displayed in a Euclidean space in
which the coordinate axes are set in the directions of maximal
variance by using (uncentered if the kernel is not centered)
kernel principal component analysis.

This kernel-based technique will be referred to as the diffusion

map kernel PCA or the KDM PCA.

Ill. Links between the Basic Diffusion Map and the Kernel
Diffusion Map

While both representing the graph in a Euclidean space, where
the nodes are exactly separated by the distances defined by (2),
and thus providing exactly the same embedding, the mappings
are, however, different for each method. Indeed, the coordinate
system in the embedding space differs for each method.

In the case of the basic diffusion map, the eigenvector uk represents
the kth coordinate of the nodes in the embedding space. However,
in the case of the diffusion map kernel, since a kernel PCA is
performed, the first coordinate axis corresponds instead to the
direction of maximal variance in terms of diffusion map distance
(2). Therefore, the coordinate system used by the diffusion map
kernel is actually different than the one used by the basic diffusion
map.

Putting the coordinate system in the directions of maximal
variance, and thus computing a kernel PCA, is probably more
natural. We now show that there is a close relationship between the
two representations. We easily observe that the mapping provided
by the basic diffusion map remains the same in function of the
parameter t, up to a scaling of each coordinate/dimension (only
the scaling changes). This is, in fact, not the case for the kernel
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diffusion map. In fact, the mapping provided by the diffusion
map kernel tends to be the same as the one provided by the basic
diffusion map for growing values of t in the case of an undirected
graph. Indeed, it can be shown that the kernel matrix can be
rewritten as s = UAYU" where U contains the right eigenvectors
of P; uk, as columns. In this case, when t is large, every additional
dimension has a very small contribution in comparison with the
previous ones.

IV. Stochastic Complementation

Although not always given an explicit name, a quantity which
we shall refer to as a stochastic complement arises very naturally
in the consideration of finite Markov chains. This concept has
heretofore not been focused upon as an entity unto itself, and a
detailed study of the properties of stochastic complementation has
not yet been given. The purpose of the first part of this exposition
is to explicitly publicize the utility of this concept and to present a
more complete and unified discussion of the important properties
of stochastic complementation.

The purpose of this section is to introduce the concept of a stochastic
complement in an irreducible stochastic matrix and to develop
some of the basic properties of stochastic complementation. These
ideas will be the cornerstone for all subsequent discussions.
Suppose we are interested in analyzing the relationship between
two sets of nodes of interest. A reduced Markov chain can be
computed from the original chain, in the following manner: First,
the set of states is partitioned into two subsets, S,—corresponding
to the nodes of interest to be analyzed—and S,—corresponding to
the remaining nodes, to be hidden. We further denote by n, and n,,
(with n, +n, =n) the number of states in S1 and S2, respectively;
usually n>> n,. Thus, the transition matrix repartitioned as:

a-[2 4]

The idea is to censor the useless elements by masking them
during the random walk. That is, during any random walk on the
original chain, only the states belonging to S, are recorded,; all the
other reached states belonging to subset S, being censored, and
therefore, not recorded. One can show that the resulting reduced
Markov chain obtained by censoring the states S, is the stochastic
complement of the original chain. Thus, performing a stochastic
complementation allows focusing the analysis on the tables and
elements representing the factors/features of interest. The reduced
chain inherits all the characteristics from the original chain; it
simply censors the useless states. The stochastic complement Pc
of the chain.

It can be shown that the matrix Pc is stochastic, that is, the sum of
the elements of each row is equal to 1 ; it therefore corresponds to
avalid transition matrix between states of interest. We will assume
that this resulting stochastic matrix is a periodic and irreducible,
that is, primitive . Indeed, Meyer showed in that if the initial chain
is irreducible or a periodic, so is the reduced chain. Moreover,
even if the initial chain is periodic, the reduced chain frequently
becomes a periodic by stochastic complementation. One way to
ensure the aperiodicity of the reduced chain is to introduce a small
positive quantity on the diagonal of the adjacency matrix A, which
does not fundamentally change the model. Then, P has nonzero
diagonal entries and the stochastic complement, P, is primitive
Let us show that the reduced chain also represents a random walk
on a reduced graph G_ containing only the nodes of interest. We
therefore partition the matrices A,D,L, as
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V. Analysing the Reduced markov Chain with Basic
Diffusion Map: Link with Corresponcense Analysis
Once areduced Markov chain containing only the nodes of interest
has been obtained , only may want to visualize the graph in a low
dimensional space preserving as accurately as to use the diffusion
maps.

Interestingly enough, computing a basic diffusion map on the
reduced Markov chain is equivalent to correspondence analysis in
two special cases of interest: a bipartite graph and a star-schema
database. Therefore, the proposed two step procedure can be
considered as a generalization of correspondence analysis.

A. Simple Correspondence Analysis

The relationships between two random variables x, and x,, (the
features) having each mutually exclusive, categorical, outcomes,
denoted as attributes. Suppose the variable x, has n, observed
attributes and the variable x, has n, observed attributes, each
attribute being a possible outcome value for the feature. An
experimenter makes a series of measurements of the features x,,
X, on a sample of v, individuals and records the outcomes in a
frequency table, f; containing the number of individuals having
both attribute x, =1iand attribute x, =j. In our relational database,
this corresponds to two tables, each table corresponding to one
variable, and containing the set of observed attributes (outcomes)
of the variable. The two tables are linked by a single relation.

] Document | Word

‘N N |

Fig. 1:

This situation can be modelled as a bipartite graph, where each
node corresponds to an attribute and links are only defined between
attributes of x, and attributes of x,,. The associated n X n adjacency
matrix and the corresponding transition matrix can be factorized
as This situation can be modeled as a bipartite graph, where each
node corresponds to an attribute and links are only defined between
attributes of x, and attributes of x,. The weight associated to each
link is set to w, = f, quantifying the strength of the relationship
between i and j. The associated n X n adjacency matrix and the
corresponding transition matrix can be factorized as

O Anp O P
A L’m ()}'P {Pgl 0]

Where O is a matrix full of zeroes

Suppose we are interested in studying the relationships between
the attributes of the first variable x1 which corresponds to the
n, first elements. By stochastic complementation (see Equation
(10)), we easily obtainP =P , P, =D, A D, A, . Computing the
diffusion map for t=1 aims to extract the subdominant right-hand
eigenvectors of P, which exactly corresponds to correspondence

analysis. Moreover, it can easily be shown that Pc has only real
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non-negative eigen values and thus ordering the eigen values by
modulus is equivalent to ordering them by value. In correspondence
analysis, eigen values reflect the relative importance of the
dimensions: each eigen value is the amount of inertia a given
attribute explains in the frequency table. The basic diffusion map
after stochastic complementation on this bipartite graph therefore
leads to the same results as simple correspondence analysis.

B. Multiple Correspondence Analysis

Multiple correspondence analysis assigns a numerical score to
each attribute of a set of p > 2 categorical variables. Suppose the
data are available in the form of a star schema: the individuals
are contained in a main table and the categorial features of these
individuals, such as education level, gender, etc., are contained
in p auxiliary, satellite, tables. The corresponding graph is built
naturally by defining one node for each individual and for each
attribute while a link between an individual and an attribute
is defined when the individual possesses this attribute. This
configuration is known as a star-schema in the data warehouse
or relational database fields.

Fig. 2:

Let us first renumber the nodes in such a way that the attributes
nodes appear first and the individuals nodes last. Thus, the
attributes-to-individuals matrix will be denoted by A ; it contains
a | on the (i, j) entry when the individual j has attribute i, and 0
otherwise. The individuals-to-attributes matrix, the transpose of
the attributes-to-individuals matrix, is A,,. Thus, the adjacency

matrix of the graph is

O Ap

An 0O ] '

Now, the individuals-to-attributes matrix exactly corresponds
to the data matrix A,,= X containing, as rows, the individuals
and, as columns, the attributes. Since the different are coded as
indicator (dummy) variables, a row of the X matrix contains a 1
if the individual has the corresponding attribute and 0 otherwise.
We thus have A, =X and A =X

Suppose we are first interested in the relationships between
attribute nodes, therefore hiding the individuals nodes contained
in the main table. By stochastic complementation (Equation (10)),
the corresponding attribute-attribute transition matrix is

A
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. \ 1
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n

lu,-':a;'x iu;'-l-'.

P P
where the element of the frequency matrix F = XX, also called
the Burt matrix, contains the number of co-occurences of the two
attributes i and j, that is, the number of individuals having both
attribute i and attribute j.
Thus, computing the eigen values and eigen-vectors of and
displaying the nodes with coordinates proportional to the
eigenvectors, weighted by the corresponding eigen value, exactly
corresponds to multiple correspondence analysis. This is precisely
what we obtain when computing the basic diffusion map on with
t = 1. If we are interested in the relationships between elements
of the main table (the individuals) instead of the attributes, we
obtain

1 . 1 i
P.==AnD7'Ap ==XD7XT,
p ' P

VL. Conclusion

A link analysis based technique allowing relationships existing
in relationships existing in relational database. The database is
viewed as a graph, where the nodes correspond to the elements
contained in the tables and links correspond to the relation between
the tables . a two step procedure is defined for analysing the
relationships between elements of interest contained in a tables
, or a subset of tables. More precisely, this work 1) proposes
to use stochastic complementation for extracting a subgraph
containing the elements of interest from the original graph and 2)
introduces a kernel-based extension of the basic diffusion map for
displaying and analyzing the reduced subgraph. It is shown that the
resulting method is close related to correspondence Proposes to use
stochastic complementation for extracting a subgraph containing
the elements of interest from the original.
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