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Abstract
The paper proposes a HMM based two-stage classification scheme 
to recognize online handwritten Kannada numerals. Three sets of 
writer independent experiments are carried out with 1020 samples 
for training and 1016 samples for testing. First, experiments are 
carried out with a single-stage HMM classifier and from the 
confusion matrix, two majorly confused numeral pairs,  
and  are identified. In the second set of experiments, by 
employing confusion pair-specific discriminating features, the 
individual classes of these confusion pairs are disambiguated by 
two separate two-class HMM based classifiers in the second-
stage. In the third set of experiments, the training samples of 
each confusion pair are separately combined in the first-stage 
classifier to result in an eight-class problem. Accordingly, the 
first-stage classifier is trained to generate eight HMM models. 
Whenever the output of the primary classifier is one of these two 
combined classes, the corresponding test sample is passed on 
to the relevant two-class second-stage classifier to resolve the 
ambiguity. The Fourier transform of a set of features are used in the 
first-stage, whereas deviation features are employed in the second-
stage classifiers. The respective average recognition accuracies of 
96.5%, 98.5% and 98.2% are obtained with the first, second and 
third configurations of classifiers. The recognition performance 
of the two confusion pairs,  and  are increased by 5.8% 
and 3.6% respectively.

Keywords
Kannada Numeral; Online Hand- writing; Confusion Pairs; Two-
Stage Classifier; Hidden Markov Model

I. Introduction
To improve both recognition accuracy and speed, hierarchical 
and multiple classification schemes are in practice in the field of 
character recognition [1-2]. Also, in hierarchical classification 
schemes, two-stage classification schemes are commonly used 
[3-4]. In such schemes, the first-stage classifier is used only for 
selecting the particular group of classes to which the test sample 
belongs; this needs to have a high accuracy. Depending upon the 
selected group, one of many second-stage classifiers is chosen to 
decide the final class of the input test pattern.
In the present work, recognition of online handwritten Kannada 
numerals is performed with a two-stage HMM classifier. Kannada 
is the official language of Karnataka, one of the South Indian states 
of India. The script has 50 basic characters and 10 numerals.  The 
characteristics of Kannada script are explained in [5-6]. In India, 
form filling applications such as, population census and child 
birth census are carried out in the regional languages. So, research 
on online handwriting recognition of Indian scripts is gaining 
importance in recent years. In this direction, attempts have been 
made to recognize online handwritten Kannada characters [6-7]. 
Since most of the form filling applications have exclusive numeric 
data fields for phone numbers, date of birth and street number, a 
recognition system exclusively designed for numerals performs 

better in terms of both recognition accuracy and speed than one 
designed for both characters and numerals. A few samples of 
handwritten and machine printed Kannada numerals are shown 
in fig. 1.
The aim of the present work is to improve the recognition accuracy 
of online handwritten Kannada numerals over the earlier work [8].  
In this previous work, an n-dimensional feature vector consisting 
of trajectory and deviation features extracted from the pre-
processed numeral sample is mapped to a d-dimensional feature 
space using principal component analysis.  Then the performance 
of Linear Discriminant Analysis (LDA) and orthogonal LDA are 
studied in the original feature space Rn and the PCA transformed 
subspace Rd (d<n) using nearest neighbor as a classifier.  To our 
knowledge, after this work in [8], no attempt has been made to 
design an exclusive system to recognize the online handwritten 
Kannada numerals. 
To achieve our aim, a two-stage HMM classification scheme is 
designed. Rather than a heuristic grouping of numerals based on 
their shapes, the most confused pairs are grouped based on the 
confusion matrix generated from the first-stage classifier. Also, 
rather than reclassifying the entire numerals in the second stage, 
only the chosen confused pairs are considered. In the present 
work, the two most confused numeral pairs,  and 
are considered for discrimination. Deviation features capable 
of discriminating between these confusion pairs are extracted 
from each pair and fed to the second-stage of a two-stage HMM 
classifier.

II. Data Collection and Preprocessing
Tablet PC and G-Note 7000 digital note pads are used to collect 
the handwritten numeral data.  Writers are requested to write the 
Kannada numerals in their own writing style without exercising 
any restrictions.
The collected raw data of numerals consists of the x- and 
y-coordinate values corresponding to the pen-tip movement. 
The raw numeral data is subjected to noise removal, re-sampling 
and normalization. Moving average filter of size three is used to 
smooth the data. 

Fig. 1: Kannada Numeral set. (a). Machine Printed, (b) 
Handwritten. Corresponding Indo-Arabic Numerals are Also 
Shown for Reference
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The smoothed data is re-sampled in space along the arc length by 
linear interpolation so that each numeral data has equal number 
of points.  
Let the smoothed and re-sampled numeral data be represented 
by the sequence,

               (1)
where the vector T

iii yxp ),(= and xi, yi denote the horizontal 
and vertical coordinates. The re-sampled data are shifted and size 
normalized to fit in a square box of side length 1. Thus, we get 
a new sequence:

               (2)
Where, the vectors T

iii baq ),(= are given by,

)/()( minmaxmin xxxxa ii −−=               (3)

)/()( minmaxmin yyyyb ii −−=               (4)
where, Tyx ),( minmin and Tyx ),( maxmax  denote the minimum and 
the maximum horizontal and vertical coordinate values for the 
numeral under consideration. A raw sample of numeral five and its 
preprocessed version are shown in fig. 2.  Though the experiments 
are carried out with numerals re-sampled in space with 30 points, 
for a better visual clarity, numeral five re-sampled in space to 60 
points is shown in both figs. 2  and 3.

III. Feature Extraction 
The shape of the Kannada numerals motivated us to extract the 
Fourier transform of a trajectory feature and the deviation feature 
from the size normalized sequence, .Q  

A. The Trajectory Feature 
The trajectory feature consists of distance and angle features, 
corresponding to each of the re-sampled points of a numeral. A 
normalized distance feature vector D and an angle feature vector 
θ, are computed with reference to the origin, from the sequence 
Q as shown in fig. 3. 
Let

               (5)

              (6)
where,       
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B. Fourier Transform of the Trajectory Feature 
Since the spectrum of a signal provides an identity or a signature 
of the signal and no other signal has the same spectrum [9], we 
used the Fourier transform of the trajectory feature as a feature 
in both one-stage and the first-stage of a two-stage classifier. Let 
the Fourier transformed vector of a trajectory feature be denoted 
by F as given below.

][ 2211 phamagphamag FFFFF =
             (7)

where,

11 FF mag =              22 FF mag =

11 FF pha ∠=
          22 FF pha ∠=

                   

}{1 DFFTF =                         

   (a)

        (b)
Fig. 2: Kannada Numeral Five, (a). Raw Sample, (b). Preprocessed 
Sample

Fig. 3: Extraction of Trajectory Features di and θi from a Normalized 
Sample
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C. Deviation eature  
The deviations of normalized sample points of a character from 
its centroid towards the  x- and y-axes are calculated using the 
following equations and used as features. A vector consisting of 
deviation feature is used in training and testing of a second-stage 
classifier in a two-stage classifier to discriminate the confused 
numerals.

              (8)

              (9)
where,  

,                                      

,               

     and      

IV. Hidden Markov Model
An HMM is a doubly embedded stochastic process with an 
underlying stochastic process that is not observable.  However, 
the underlying process can be observed through another set of 
stochastic processes that produce the sequence of observations [10]. 
An HMM is characterized by the following five components.
1. The number of states ‘N’ in a model.

},.......,,{ 321 NSSSSS =             (10)
2. The number of distinct observation symbols ‘M’ per state.

},.......,,{ 321 MvvvvV =             (11)
3. The state transition probability distribution,  
where,     

4. The observation symbol probability distribution in state j, 
 where,      

5.  The initial state distribution, ][ iii SqP ==Π
So, a complete specification of an HMM requires specification of 
two model parameters N and M, specification of the observation 
symbols, and the specification of three probability measures 
A, B, and Π . The complete parameter set of the model can be 
represented compactly as: 

              (12)
where,  is one of the models in,

where, C is the number of classes.

V. HMM Based Classification 
The decision-making in Bayesian paradigms is based on the 
concept of maximum a posteriori probability. For HMM based 
classifiers, the recognition decision can be made by  

           (13)
where, C* is the estimated pattern class, p(C) is the priori 
probability that the given model belongs to class C, and p(O|λi) 
is the conditional probability of the observation sequence O for 
a given model λi.  Since the extracted feature set is continuous in 
nature, in our present work, continuous density HMM is used to 
design the recognition system. For both the cases of single-stage 
and the first-stage of two-stage classifiers, a set of ten HMMs are 
created so that each class is represented by an independent HMM. 
The classification of a test sequence O, into a class C, is carried 
out by computing which HMM outputs the highest likelihood 
related to O as given by (13).

VI. Experiments and Results
The collected database is divided into two sets, belonging 
to different, disjoint sets of writers. For training, 50% of the 
database is used and the remaining 50% is used for testing.  Writer 
independent experiments are carried out with all the three sets of 
classifier configurations, with 1020 samples for training and 1016 
samples for testing.  
In the first experiment, performance of a single-stage HMM 
classifier is studied by employing the Fourier transform of the 
trajectory feature. From the training data, ten independent HMM 
models are generated with 6 states and 10 mixture components. 
The number of states and the mixture components are selected 
through experimentation for the best recognition accuracy. The 
recognition accuracies of individual classes for all the test data of 
the one-stage classifier are tabulated in Table 1. The corresponding 
confusion matrix is shown in Table 2. It is evident from Table II 
that numeral pairs  and   are the most confused and the 
corresponding recognition accuracies of these two pairs with both 
the numerals in the pair put together are 92.8% (average of 96.5% 
and 89%) and 96.4% (average of 92.7% and 100%). The mean 
recognition accuracy over all the classes is 96.6%. 

Table 1: Writer Independent Handwritten Numeral Recognition 
Performance of a Single-Stage HMM Classifier (Training Samples: 
1020; Test Samples: 1016; No. of States: 6; No. of Gaussians/
Mixture: 10)
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Table 2: Confusion Matrix of One-Stage HMM Classifier 
(Parameters As Mentioned in Table 1)

In the second set of experiments, two-stage HMM classifier is 
designed to improve the mean recognition accuracy through the 
discrimination of the confused pairs. Here the first-stage classifier 
is similar to the first set of experiments with ten HMM models 
corresponding to ten numerals. Two separate secondary classifiers 
(say C1 and C2), which are two-class classifiers are used in the 
second-stage to discriminate between the two confused numeral 
pairs  and .  These two classifiers are trained with 
the deviation features dX  and dY extracted from the training set 
of the respective most confused numeral pairs to generate two 
independent HMM models for each classifier. 
If the recognized label of the first-stage classifier is one among 
these four numerals, the corresponding test sample’s deviation 
feature is extracted and sent to either C1 or C2 classifier based on 
the recognized label of the first-stage.  The output of the relevant 
second-stage classifier is considered as the final recognized label 
of the test sample.  If the recognized output label of the first-stage 
does not belong to any of these four numerals, it is not sent to the 
second-stage and the corresponding output label is considered as 
the final recognized label. The recognition accuracies of the two-
level classifier for the individual classes over all the test data are 
tabulated in Table 3. The number of samples of 

Table 3: Writer Independent Handwritten Numeral Recognition 
Performance of a Two-Stage Classifier with Ten HMM Models

Table 4: Improvement in Classification of Confused Pairs using 
a Second-Stage Discrimi- Nating Classifier

the confused symbols misclassified with both one-level and two-
level classifiers are shown in Table IV.  It is evident from Table 
IV that with the proposed technique, the recognition accuracies of 
the confused numeral pairs  and  are 98.6% (average 
of 99.1% and 98%) and 100% (average of 100% and 100%) 
respectively. So, with the proposed technique, the recognition 
accuracies of the two confused pairs are increased by 5.8% and 
3.6% respectively.   Also, the mean recognition accuracy improves 
from 96.6% to 98.5%.  In the above second set of experiments, 
the confused numerals get tested twice, both in first-stage and 
second-stage.  To avoid 

                        (a)
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          (b)
Fig. 4. Training Flow Charts for the Third Set of Experiments, (a). 
Training for the First-Level 8-Class HMM Models, (b). Training 
for the Second-Level 2-Class HMM Models

Fig. 5: Testing Flow Chart for the Third Set of Experiments

this, in the third set of experiments, the training data of the 
corresponding confusion pairs  and    are merged and 
are named as Set 1 (S1) and Set 2 (S2), respectively.  This reduces 
the task of the primary classifier to an eight class classification 
problem. The corresponding secondary classifiers are named as 
C1 and C2. If the output of the primary classifier is Set 1, the 
corresponding test sample is sent to the secondary classifier C1. 
Similarly, C2 handles the test sample, if the primary classifier 
outputs S2. The pictorial representations of training and testing 
in the third set of experiments are shown in figs. 4 and 5. The 
output of the chosen secondary classifier is considered as the final 
recognized label of the test sample. If the output

Table 5: Writer Independent Handwritten Numeral Recognition 
Performance of a Two-Level Classifier with Eight HMM Models 
in the First Level

Table 6: Comparison of Recognition Performances of the 3 sets 
of Classifier Experiments

label of the first-stage does  not belong to Set 1 or Set 2  numerals,   
it  is   not  sent   to  the   second-stage and the  corresponding output 
label is considered as  the  final  recognized  label.  The  recognition 
performance of the third set of experiments is tabulated in Table 
5.  The time taken and the mean recognition accuracy achieved by 
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the three sets of classifier configurations are tabulated in Table 6.        
The quoted time is corresponding to the experiments carried out 
with MATLAB on an Intel Core i3 machine with 4 GB of RAM.  
It is evident from Table 6, that the highest recognition accuracy of 
98.5% and the recognition time of 153  m sec/sample are achieved 
with two-stage classifier with 10 HMM models.  However, with 
the marginal loss of mean accuracy of 0.3%, the classification time 
of 100 m sec/sample is achieved with two-stage classifier with 8 
HMM models. So, on considering the computation cost and the 
mean recognition accuracy, the classifier with 8 HMM models is 
the best of the three classifiers.
In the earlier work [8], using OLDA, an average recognition 
accuracy of 96.9% on a test data of only 327 samples. In comparison 
with that, there is an increase in the recognition accuracy by 1.6% 
with the proposed technique on a larger test data of 1016 samples.  
As per our knowledge, the proposed work is the second one carried 
out in recognizing online handwritten Kannada numerals.  So, we 
could not compare our result with any other research work. 

VII. Conclusion 
The writer independent recognition of online handwritten Kannada 
numerals has been carried out with three levels of experiments. 
The experiments yield an average recognition accuracy of 96.6%, 
98.5% and 98.2% with one-stage, two-stage classifier with 10 
HMM models and two-stage classifier with 8 HMM models, 
respectively. As part of our future work, experimentation of the 
writer dependent case and adaptability of the recognition system 
for any single writer will be investigated.
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