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Abstract
We study the problem of clustering uncertain objects whose 
locations are described by probability density functions (pdf). We 
show that the UK-means algorithm, which generalizes the k-means 
algorithm to handle uncertain objects, is very inefficient. The 
inefficiency comes from the fact that UK-means computes Expected 
Distances (ED) between objects and cluster representatives. For 
arbitrary pdf ’s, expected distances are computed by numerical 
integrations, which are costly operations. We propose pruning 
techniques that are based on Voronoi diagrams to reduce the 
number of expected distance calculation. These techniques are 
analytically proven to be more effective than the basic bounding-
box-based technique previous known in the literature. We conduct 
experiments to evaluate the effectiveness of our pruning techniques 
and to show that our techniques significantly outperform previous 
methods.
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I. Introduction
Clustering is a technique that has been widely studied and 
applied to many real-life applications. Many efficient algorithms, 
including the well known and widely applied k-means algorithm, 
have been devised to solve the clustering problem efficiently [4]. 
Traditionally, clustering algorithms deal with a set of objects 
whose positions are accurately known. The goal is to find a way 
to divide objects into clusters so that the total distance of the 
objects to their assigned cluster centers is minimized.
As another example, consider the application of clustering a set of 
mobile devices. By grouping mobile devices into clusters, a leader 
can be elected for each cluster, which can then coordinate the 
work within its cluster. For example, a cluster leader may collect 
data from its cluster’s members, process the data, and send the 
data to a central server via an access point in batch. In this way, 
local communication within a cluster only requires short-ranged 
signals, for which a higher bandwidth is available. Long-ranged 
communication between the leaders and the mobile network only 
takes place in the form of batch communication. This results in 
better bandwidth utilizations and energy conservation.
In this paper, we consider the problem of clustering uncertain 
objects whose locations are specified by uncertainty regions over 
which arbitrary probability density functions (pdf’s) are defined 
[1]. Traditional clustering methods were designed to handle point-
valued data and thus cannot cope with data uncertainty. one possible 
way to handle data uncertainty is to first transform uncertain data 
into point-valued data by selecting a representative point for each 
object before applying a traditional clustering algorithm. 
The problem of clustering uncertain objects was described in 
which the UK-means algorithm was proposed. UK-means is a 
generalization of the traditional k means algorithm to handle 
objects with uncertain locations. The major computational cost 
of UK-means is the evaluation of EDs, which involves numerical 
integration using a large number of sample points for each pdf. 
To improve efficiency, introduced some pruning techniques to 
avoid many ED computations. The pruning techniques make use 
of bounding boxes over objects as well as the triangle inequality 

to establish lower- and upper-bounds of the ED’s. Using these 
bounds, some candidate clusters are eliminated from consideration 
when UK-means determines the cluster assignment of an object. 
The corresponding computations of expected distances from 
the object to the pruned clusters are thus not necessary and are 
avoided.             
The contribution of this paper is the introduction of a new set 
of pruning techniques for the UK-means algorithm that are 
based on Voronoi diagrams .These new pruning techniques 
take into consideration the spatial relationship among the 
cluster representatives. We prove that Voronoi-diagram-based 
technique is strictly more effective than the basic bounding-box-
based technique. Another technique we investigate is the partial 
ED evaluation method, which can be shown to further save the 
computation costs of UK-means. We study a hybrid algorithm that 
integrates the various pruning techniques. Our empirical study 
shows that the hybrid algorithm achieves significant performance 
improvement

II. Related Work
Data uncertainty has been broadly classified into existential 
uncertainty and value uncertainty. Existential uncertainty appears 
when it is uncertain whether an object or a data tuple exists. For 
example, a data tuple in a relational database could be associated 
with a probability that represents the confidence of its presence. 
Value uncertainty, on the other hand, appears when a tuple is 
known to exist, but its values are not known precisely. A data 
item with value uncertainty is usually represented by a pdf over 
a finite and bounded region of possible values . In this paper, we 
study the problem of clustering objects with value (e.g., location) 
uncertainty.
Depending on the application, the result of cluster analysis can 
be used to identify the (locally) most probable values of model 
parameters (e.g., means of Gaussian mixtures),to identify high-
density connected regions e.g., areas with high population density), 
or to minimize an objective function (e.g., the total within-cluster 
squared distance to centroid. For model parameters learning, 
by viewing uncertain data as samples from distributions with 
hidden parameters, the standard Expectation-Maximization (EM) 
framework can be used to handle data uncertainty.
The well-known k-means clustering algorithm is extended to the 
UK-means algorithm for clustering uncertain data. In that study, 
it is empirically shown that clustering results are improved if data 
uncertainty is taken into account during the clustering process. 
As we have explained, data uncertainty is usually captured by 
pdf’s, which are generally represented by sets of sample values. 
Mining uncertain data is therefore computationally costly due to 
information explosion (sets of samples vs. singular values). To 
improve the performance of UK-means, CK-means introduced a 
novel method for computing the EDs efficiently.
However, that method only works for a specific form of distance 
function. For general distance functions, takes the approach of 
pruning, and proposed pruning techniques such as min-max-dist 
pruning. 
For density-based clustering, two well-known algorithms, namely, 
DBSCAN and OPTICS have been extended to handle uncertain 
data. The corresponding algorithms are called FDBSCAN & 
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FOPTICS  respectively. In Density based method clusters objects 
based on the notion of density .It either grows clusters according 
to the density of neighborhood objects such as DBSCAN.OPTICS 
is a density based method that generates an augmented ordering 
of the clustering structure of the data. Clustering of uncertain data 
is also related to fuzzy clustering, which has long been studied 
in fuzzy logic. In fuzzy clustering, a cluster is represented by a 
fuzzy subset of objects.
Each object has a “degree of belongingness” with respect to 
each cluster. The fuzzy c-means algorithm is one of the most 
widely used fuzzy clustering methods .Different fuzzy clustering 
methods have been applied on normal or fuzzy data to produce 
fuzzy clusters. A major difference between the clustering problems 
studied in this paper and fuzzy clustering is that we focus on 
hard clustering, for which each object belongs to exactly one 
cluster. Our formulation targets for applications such as mobile 
device clustering, in which each device should report its location 
to exactly one cluster leader.
Voronoi diagram is a well-known geometric structure in 
computational geometry. It has also been applied to clustering. 
For example, Voronoi trees have been proposed to answer Reverse 
Nearest Neighbors (RNN) queries.

III. Algorithms  
We first give a short description of the UK-means algorithm and 
existing pruning techniques that improve UK-means. Then, we 
present our new pruning techniques that are based on Voronoi 
diagrams.

A. UK-means
UK-means is an adaptation of the well known k-means algorithm 
to handle data objects with uncertain locations[3].
1. Choose k arbitrary points as cj (j=1,.k), 
2. repeat
3. for all oi  O do /*assign objects to clusters*/
4. for all cj  C do
5. Compute ED(oi, cj).
6. h(i) ← j* where, j* minimizes ED(oi, cj) (among cj  C)
7. for all j = 1, . . . , k do /*readjust cluster representatives*/
8. cj ← centroid of {oi  O | h(i) = j}
9. until C and h become stable Initially, k arbitrary points c1, . . 
. , ck are chosen as the cluster representatives. Then, UK-means 
repeats the following steps until the result converges. First, for 
each object oi, ED(oi, cj) is computed for all cj   C. Object oi is 
then assigned to cluster cj* that minimizes ED, i.e., h(i) ← j*.Next, 
each cluster representative cj is recomputed as the centroid of all 
oi’s that are assigned to cluster j. The two steps are repeated until 
the solution C = {c1, . .  ck} and h(·) converge. The UK-means 
algorithm is inefficient. This is because UK-means computes ED 
for each object-cluster pair in each iteration. So, given n objects 
and k clusters, UK-means computes nk EDs in each iteration. The 
computation of an ED involves numerically integrating a function 
that involves an object’s pdf. In practice, a pdf is represented by 
a probability distribution matrix, with each element of the matrix 
representing a sample point in an MBR. To accurately represent a 
pdf, a large number of sample points are needed. The computation 
cost of integration is thus high. To improve the performance of 
UK-means, we need to reduce the time spent on ED calculations. 
To incorporate pruning into UK-means, we replace lines 4–6 in 
UK-means with the following:

1. Qi ← C/*candidate clusters*/

2. Apply a pruning technique
3. if only one candidate remains in Qi then
4. h (i) ← j where, cj  Qi.
5. else
6. for all cj  Qi do /*remaining candidates*/
7. Compute ED(oi, cj).
8. h(i) ← j* where, j* minimizes ED(oi, cj). (among cj  Qi.).For 
a given object oi, the set Qi stores the set of candidate cluster 
representatives that are potentially the closest to oi. Initially, Qi 
= C, the set of all cluster representatives. In line 2, a pruning 
algorithm is applied to prune candidate representatives from Qi 
that are guaranteed to be not the closest to object oi. If all but 
one candidate cluster remains in Qi, object oi is assigned to that 
cluster. Otherwise, we compute the expected distances between 
oi and each cluster in Qi. Object oi is then assigned to the cluster 
that gives the smallest expected distance.

B. Min Max Pruning
 In the MinMax approach, for an object oi and a cluster representative 
cj, certain points in MBRi are geometrically determined. The 
distances from those points to cj are computed to establish bounds 
on ED. Formally, we define

It should be obvious that MinD (oi, cj) ≤ ED (oi, cj) ≤ Max D 
(oi, cj). Then, if MinD (oi, cp) > MaxD (oi,cq) for some cluster 
representatives cp and cq, we can deduce that ED(oi, cp)>ED(oi,cq) 
without computing the exact values of the EDs. So, object oi will 
not be assigned to cluster p (since there is another cluster q that 
gives a smaller expected distance from object oi). We can thus 
prune away cluster p without having to compute ED (oi, cp). As 
an optimization, we can prune away cluster p if MinD (oi, cp) > 
Min MaxD (oi). This gives rise to the following BB (bounding 
box pruning algorithm.
1. for all cj  C do /*for a fixed object oi*/
2. Compute MinD(oi, cj) & MaxD(oi, cj)
3. Compute Min MaxD(oi).
4. for all cj  C do
5. if MinD (oi, cj) > Min MaxD(oi) then
6. Remove cj from Qi.
We call this pruning algorithm MinMax-BB. Depending on data 
distribution, the pruning condition MinD(oi,cj) > Min MaxD(oi) 
potentially removes many clusters from consideration in line 6. 
This avoids many ED computations at the expense of computing 
MinD and Max D. We remark that computing MinD and MaxD 
requires us to consider only a few points on the perimeter of an 
MBR, instead of all points in an object’s pdf. Thus, computing 
MinD and MaxD is much simpler than computing ED and it does 
not involve evaluating an integral.

C. Pruning with Voronoi Diagram
 MinMax-based pruning techniques [2], improve the performance 
of UK-means significantly by making use of efficiently evaluable 
bounds on ED to avoid many ED computations. However, these 
techniques do not consider the geometric structure of Rm or the 
spatial relationships among the cluster representatives. Voronoi-
diagram-based pruning technique is theoretically strictly stronger 
than MinMax- BB. Also, we will discuss how our Voronoi-
diagram-based method can be combined with the cluster-shift 
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method to achieve the most efficient pruning algorithm. We start 
with a definition of Voronoi diagram and a brief discussion of 
its properties. Given a set of points C = {c1,  ck}, the Voronoi 
diagram divides the space Rm into k cells V (cj ) with the following 
property:
d(x, cp) < d(x, cq)  x  V(cp), cq ≠ cp  (1)
The boundary of a cell V (cp) and its adjacent cell V(cq) consists 
of points on the perpendicular bisector, denoted cp|cq between the 
points cp and cq. The bisector is the hyper plane that is perpendicular 
to the line segment joining cp and cq that passes through the mid-
point of the line segment. This hyper plane divides the space Rm 
into two halves. We denote the half containing cp (but excluding the 
hyper plane itself) as Hp/q. Thus, Hp/q, Hq/p and cp|cq form a partition 
of the space Rm. Further, we have the following properties: 
distinct cp, cq  C,

Here is how we use Voronoi diagram for pruning in UK Here is 
how we use Voronoi diagram for pruning in UK means: In each 
iteration, we first construct the Voronoi diagram from the k cluster 
representative points, C = {c1, . . . , ck}. The Voronoi diagram leads 
to two pruning methods: The first one is Voronoi-cell pruning. 
For each object oi, we check if MBRi lies completely inside any 
Voronoi cell V (cj). If so, then object oi is assigned to cluster cj. 
This is because it follows from Equations (1) that:

Fig. 1: Voronoi Cell Pruning

Note that in this case, no ED is computed. All clusters except cj 
are pruned. An example is illustrated in fig. 1, in which V (cj) is 
adjacent to V (c1), V (c2) and V (c3). Since MBRi lies completely 
in V (cj), all points belonging to oi lie closer to cj than any other 
cq. It follows that ED(oi, cj) is strictly smaller than ED(oi, cq) for 
all cq ≠cj. The Voronoi-cell pruning method can be summarized 
by the following pseudo code:
1:Compute the Voronoi diagram for C = {c1,ck}.
2: for all cj  C do
3: if MBRi  V (cj) then
4: Qk ← {cj}.

D. R-Trees
The R-tree is a tree structure that can be considered a variant of 
B+-Tree. As such, it is a self-balancing tree with all leaf nodes 
at the same depth from the root node. The main difference is 
that R-tree is designed for indexing multi-dimensional spatial 
data to support faster proximity based queries. The tree has the 
property that each internal node stores also the MBR for all the 
objects stored under that  sub tree. Data items are not stored in 
the internal nodes. R-tree facilitates spatial query processing. As 
an example, to locate all objects that are within a distance d from 
a certain query point x, one starts from the root node, and only 
needs to descend (recursively) into the child nodes whose MBRs 

intersect the sphere with radius d centered at x. This brings the 
search to only those few leaf nodes containing the objects being 
searched for.

IV. Experiment
All the implementation are done in Matlab. In our implementation, 
we use an R-tree like the one depicted in fig. Each tree node, 
containing multiple entries, is stored in a disk block. Based on the 
size of a disk block, the number of entries in a node is computed. 
The height of the tree is a function of the total number of objects 
being stored, as well as the fan out factors of the internal and leaf 
nodes. Each leaf node corresponds to a group of uncertain objects.
Each entry in the node maps to an uncertain object. The following 
information are stored in each entry:
• The MBR of the uncertain object.
• The centroid of the uncertain object.
• A pointer to the pdf data of the object.
Note that the pdf data are stored outside the tree to facilitate 
memory utilizations. Each internal node of the tree corresponds 
to a super-group, which is a group of groups. Each entry in an 
internal node points to a child group. Each entry contains the 
following information:
• The MBR of the child group.
• The number of objects under the sub tree at this child.
• The centroid of the objects under the sub tree at this child.
• A pointer to the node corresponding to the child.
Note that storing the number of objects under the sub tree at a 
child node and the corresponding centroid location allows efficient 
readjustment of cluster representatives at the end of each iteration 
of UK-means (steps 7–8).

Fig. 2: Structure of an R-Tree

We have performed a series of experiments to compare the 
performance of our new techniques with existing ones .We 
compare the algorithms K-means ,UK-means ,modify UK-means, 
with Voronoi Diagram (VD) & without Voronoi Diagram (VD) 
& R-Tree index [5].

A. Data Sets
We have used two types of data sets in the experiments. The first 
type is synthetic data .For each data set, a set of n MBRs are 
generated in the m-dimensional space [0, 100]m. Each MBR’s side 
length is generated randomly, but bounded above by d. The MBR 
is then divided into s grid cells, each corresponding to a pdf sample 
point. Each sample point is associated with a randomly generated 
probability value, normalized so that the sum of probabilities of 
the MBR is equal to 1. These probability values give a discretised 
representation of the pdf fi of the corresponding object.
   The second type, semi-synthetic data, is based on real data. This 
data set contains point-valued data. We transform this real data set 
into many uncertain data sets by replacing each data point with 
an MBR and pdf generated in the same way as described above. 
By varying the parameters d and s, we get many semi-synthetic 
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data sets.
In each set of experiments, we generate a data set as described 
above, as well as k random points to serve as the initial cluster 
centers. The data set and initial cluster centers are then fed to 
the algorithms. The clustering results from all algorithms are 
compared to ensure that they are the same. The parameters used 
for the experiments are summarized in Table 1 & 2. 

V. Results
Table1: Different Parameters of Algorithms

Fig. 3: Comparison of Modify UK Means & UK Means

Fig. 4: UK-Means Clustering with Voronoi

Fig. 5:  UK-Means Clustering without Voronoi

Fig. 6: K-Means Clustering

Fig. 7: Modify UK-Means Clustering withVoronoi

Table 2: Different Parameters of Algorithms
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Fig. 8: Comparison of Modify UK Means & UK Means

Fig. 9: UK-Means Clustering with Voronoi

Fig. 10: UK-Means Clustering without Voronoi

Fig. 12: K-Means Clustering

Fig. 13: Modify UK-Means Clustering without Voronoi

VI. Conclusion
In this paper, we have studied the problem of clustering uncertain 
objects whose locations are represented by probability density 
functions. We have discussed the UK-means algorithm which 
was the first algorithm to solve the problem. We have explained 
that the computation of expected distances dominates the 
clustering process, especially when the number of samples used in 
representing objects’ pdf’s is large. We have mentioned the existing 
pruning techniques MinMax-BB. Although these techniques can 
improve the efficiency of UK-means, they do not consider the 
spatial relationship among cluster representatives, nor make use 
of the proximity between groups of uncertain objects to perform 
pruning in batch.
To further improve the performance of UK-means, we have first 
devised new pruning techniques that are based on Voronoi diagrams. 
The VDBi algorithm achieves effective pruning by two pruning 
methods: Voronoi-cell pruning and bisector pruning. Furthermore, 
we have proposed the idea of pruning by partial ED calculations 
and have incorporated the method in VDBiP. Having pruned away 
more than 95% of the ED calculations, the execution time has 
been significantly reduced. It has been reduced to such an extent 
that the originally relatively cheap pruning overhead has become 
a dominating term in the total execution time. To further improve 
efficiency, we exploit the spatial grouping derived from an R-tree 
index built to organize the uncertain objects. This R-tree boosting 
technique turns out to cut down the pruning costs significantly. 
We have also noticed that some of the pruning techniques and 
R-tree boosting can be effectively combined. Employing different 
pruning criteria, the combination of these different techniques 
yield very impressive pruning effectiveness .We have conducted 
extensive experiments to evaluate the relative performance of 
the various pruning algorithms and combinations. The results 
show that our new pruning techniques outperform MinMax-
BB consistently over a wide range of experimental parameters. 
The overhead of computing Voronoi diagrams for our Voronoi-
diagram-based technique is paid off by the large number of ED 
calculations saved. The overhead of building an R-tree index 
also gets compensated by the large reduction of pruning costs. 
Therefore, we conclude that our innovative techniques based on 
Voronoi diagrams and R-tree index are effective and practical.
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