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Abstract
In this paper, we have studied the problem of clustering uncertain 
objects whose locations are represented by probability density 
functions. We have discussed the UKmeans algorithm which 
was the first algorithm to solve the problem. We have explained 
that the computation of expected distances dominates the 
clustering process, especially when the number of samples used 
in representing objects’ pdfs is large. We have mentioned the 
existing pruning techniques MinMax-BB and CS. Although these 
techniques can improve the efficiency of UK-means, they do not 
consider the spatial relationship among cluster representatives, nor 
make use of the proximity between groups of uncertain objects 
to perform pruning in batch. To further improve the performance 
of UK-means, we have first devised new pruning techniques that 
are based on Voronoi diagrams. The VDBi algorithm achieves 
effective pruning by two pruning methods: Voronoi cell pruning 
and bisector pruning. We have proved theoretically that bisector 
pruning is strictly stronger than MinMax-BB. Furthermore, we 
have proposed the idea of pruning by partial ED calculations and 
have incorporated the method in VDBiP. Having pruned away 
more than 95 percent of the ED calculations, the execution time has 
been significantly reduced. It has been reduced to such an extent 
that the originally relatively cheap pruning overhead has become 
a dominating term in the total execution time. To further improve 
efficiency, we exploit the spatial grouping derived from an R-tree 
index built to organize the uncertain objects. This R-tree boosting 
technique turns out to cut down the pruning costs significantly. 
We have also noticed that some of the pruning techniques and 
R-tree boosting can be effectively combined. Employing different 
pruning criteria, the combination of these different techniques 
yields very impressive pruning effectiveness. We have conducted 
extensive experiments to evaluate the relative performance of 
the various pruning algorithms and combinations. The results 
show that our new pruning techniques outperform MinMax-
BB consistently over a wide range of experimental parameters. 
The overhead of computing Voronoi diagrams for our Voronoi-
diagrambased technique is paid off by the large number of ED 
calculations saved. The overhead of building an R-tree index 
also gets compensated by the large reduction of pruning costs. 
The experiments also consistently demonstrated that the hybrid 
algorithms can prune more effectively than the other algorithms. 
Therefore, we conclude that our innovative techniques based on 
Voronoi diagrams and R-tree index are effective and practical. 
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I. Introduction
Recent advances in wireless communications and Microelectro-
mechanical systems have motivated the development of extremely 
small, low-cost sensors that possess sensing, signal processing 
and wireless communication capabilities. These sensors can be 
deployed at a cost much lower than traditional wired sensor systems. 

The Smart Dust Project at University of California, Berkeley [14, 
15, 16] and WINS Project at UCLA [1, 17], are two of the research 
projects attempting to build such low-cost and extremely small 
(approximately 1 cubic millimeter) sensors. An ad-hoc wireless 
network of large numbers of such inexpensive but less reliable 
and accurate sensors can be used in a wide variety of commercial 
and military applications. These include target tracking, security, 
environmental monitoring, system control, etc. To keep the cost and 
size of these sensors small, they are equipped with small batteries 
that can store at most 1 Joule [12]. This puts significant constraints 
on the power available for communications, thus limiting both the 
transmission range and the data rate. A sensor in such a network 
can  therefore communicate directly only with other sensors that 
are within a small distance. To enable communication between 
sensors not within each other’s communication range, the sensors 
form a multi-hop communication network. Sensors in these multi-
hop networks detect events and then communicate the collected 
information to a central location where parameters characterizing 
these events are estimated. The cost of transmitting a bit is higher 
than a computation [1] and hence it may be advantageous to organize 
the sensors into clusters. In the clustered environment, the data 
gathered by the sensors is communicated to the data processing 
center through a hierarchy of cluster heads. The processing center 
determines the final estimates of the parameters in question using 
the information communicated by the cluster heads. The data 
processing center can be a specialized device or just one of these 
sensors itself. Since the sensors are now communicating data over 
smaller distances in the clustered environment, the energy spent 
in the network will be much lower than the energy spent when 
every sensor communicates directly to the information processing 
center. Many clustering algorithms in various contexts have been 
proposed [2-7, 23-28]. These algorithms are mostly heuristic in 
nature and aim at generating the minimum number of clusters such 
that any node in any cluster is at most d hops away from the cluster 
head. Most of these algorithms have a time complexity of O(n), 
where n is the total number of nodes. Many of them also demand 
time synchronization among the nodes, which makes them suitable 
only for networks with a small number of sensors.

2. Existing System

A. The Voronoi Trick
diagrams. Now it's clear that not all A clustering of n items into k 
clusters is a partitioning problem, and as such, there are roughly 
k^n ways of assigning items to clusters (k^n comes from treating 
all clusters as distinct; in general, the amount might be reduced by 
as much as k!). But for geometric problems, we fully expect that 
not all partitions are likely to be optimal, because of proximity 
constraints and the triangle inequality. Consider the following set 
of possible partitions of a set of n points in a Euclidean space. 
We put down k centers, and assign each point of the input to 
its nearest center. Now not all placement of k centers lead to 
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distinct partitions: I can always perturb one center slightly without 
changing the combinatorial structure of the partition. We'll call 
such a partition a Voronoi partition, from the connection to Voronoi 
partitions of the input are realizable as Voronoi partitions. For 
example, if we consider k=2 points in the plane, then there are only 
O(n^2) distinct partitions, rather than the 2^n ways of partitioning 
a set of items into two groups. In general, for a set of n points in d 
dimensions, there are roughly n^{kd} distinct Voronoi partitions, 
which is polynomial in n, rather than being exponential. Now 
here comes the trick: for many clustering problems, including the 
one mentioned above, we can show that the optimal clustering 
must be realizable as a Voronoi partition. One aspect of this trick 
that I elided: often, the Voronoi partitioning doesn't come from 
using a straight distance function, but from using a weighted 
distance function. One way this is done is to associate a weight 
w(s) with each site, and define the Voronoi bisector as the set 
of points satisfying d(x,s) - w(s) = d(x,s') - w(s'), rather than 
the usual d(x,s) = d(x,s'). If you recall the view of a Voronoi 
diagram as the lower envelope of a collection of cones in one 
higher dimension, with apexes at the site locations, then a weighted 
Voronoi diagram corresponds to lifting the cones by different 
(even negative) heights, corresponding to the weight function 
w(s). This diagram is also called a power diagram.Apart from 
the fact that the Voronoi trick allows us to reduce the space of 
possible partitions to consider, it also allows us to isolate the 
influence of points on clusters. Since we know that each center 
is "influenced" by points in its Voronoi cell, we can focus on the 
problem of finding a single center out of the k. This is typically 
solved using a (simpler) 1-median or 1-means algorithm, run on 
a random sample of points that is likely to contain a large number 
of points from a single cluster. Once this is done, we can "peel" 
off this center, and repeat. The ability to do random sampling and 
peeling comes from the idea of irreducibility: namely, that either 
a k-clustering can be approximated using a k-1-clustering, or if 
not, it means that the k^th cluster is "reasonably well-separated" 
from the rest, and can be isolated using the above ideas.
Coming back to the redistricting paper, what they do is essentially 
show that their all-pairs measure of the cost of a cluster reduces to 
the 'cost to the centroid' measure, since all clusters are required to 
have the same size. In this case, they can make use of the power 
diagram to search efficiently for solutions. If I may nitpick, I 
wonder why they didn't look into the many approximation schemes 
available for these problems (but this is really a nitpick). There 
are other tricks that are also worth of being called a 'Voronoi 
trick'. One such idea dates back to a paper by Dobkin, Drysdale 
and Guibas from 1983 ("D.P. Dobkin, R.L. Drysdale, IIi, and L.J. 
Guibas. Finding smallest polygons.  Research, Voi. 1, JAI Press, 
1983, 181-214."), and works as follows:
Suppose you want to find the k points from a point set of size n 
that optimize some function: for example, you want the k points 
with the smallest enclosing ball, or the k points with the smallest 
convex hull area, and so on. Further, let's say you have some 
expensive algorithm that can solve this problem in time O(n^c). 
For many of these functions, it can be shown that the optimal set of 
k points must lie within a single cell of the O(k)^the order Voronoi 
diagram of the set of points. In case you hadn't encountered this 
notion before, the k^th order Voronoi diagram is what you get 
if instead of taking the lower envelope of your cones, you take 
the k^th level of the arrangement. Intuitively, it consists of cells 
in which for any point, its k nearest neighbors are a fixed set of 
points.  Voronoi diagram is a special kind of decomposition of 
a given space, e.g., a metric space determined by distances to a 

specified family of objects (subsets) in the space. These objects 
are usually called the sites or the generators (but other names 
such as "seeds" are in use) and to each such object one associates 
a corresponding Voronoi cell, namely the set of all points in the 
given space whose distance to the given object is not greater than 
their distance to the other objects. It is named after George veronoi, 
and is also called a Voronoi tessellation, a Voronoi decomposition, 
or a Dirichlet tessellation 

3. Proposed System
An R-Tree is a height-balanced tree similar to a B-Tree. Leaf 
nodes contain pointers to data objects. The index is completely 
dynamic. Structure is designed in such a way that a spatial search 
requires visiting only a small number of nodes. The spatial data 
is comprised by a MBR (Minimal Bounding Rectangle) which 
become formatted and comprised from a MBR again. This 
structure continues up to the root. Eventually the root comprise 
a MBR over all objects.

Fig. 1: Structure of Simple R-Tree

A, B and C are the root nodes. A, for instance,  covers child nodes 
D, E, F and G, and comprises them with a minimal bounding 
rectangle. An R-Tree satis_es the following properties: 1. Every 
leaf node contains between m and M index records unless it is 
the root Thus, the root can have less entries than m 2. For each 
index record in a leaf node, I is the smallest rectangle that spatially 
contains the n-dimensional data object represented by the indicated 
tuple 3. Every non-leaf node has between m and M children unless 
it is the root 4. For each entry in a non-leaf node, i is the smallest 
rectangle that spatially contains the rectangles in the child node 
5. The root node has at least two children unless it is a leaf 6. All 
leaves appear on the same level. That means the tree is balanced. 
Here the algorithms are represented as pseudo-code. In the pseudo-
code the rectangle parts of an index entry E are denoted by E:I 
and the tuple identif ier or child  pointer part is denoted by E:p. 
The paper will show an example of every algorithm. It will always 
use the same tree with the values M = 3 and m = 1. In insertion 
and deletion is used the SplitNode algorithm which is explained 
later in this section.
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Fig. 2:
Inserting index records for new data is similar to insertion into 
a B-Tree. New data is added to the leaves, nodes that overow 
are split, and splits are propa- gated up the tree. The insertion 
algorithm is more complex than the searching algorithm because 
inserting needs some help  methods. Insert pseudo-code: New 
entry E will be inserted into a given R-Tree. I1 [Find position for 
new record] Start ChooseLeaf to select a leaf node L in which to 
place E I2 [Add record to leaf node] If node L has enough space 
for a new entry then add E. Else start SplitNode to obtain L and 
LL containing E and all the old entries of L. I3 [Propagate changes 
upward] Start Adjust Tree on node L and if a split was performed 
then also passing LL. I4 [Grow tree taller] If node split propagation 
caused the root to split, create a new root whose children are 
the two resulting nodes. Choose Leaf pseudo-code: Choose Leaf 
selects a leaf node to place a new entry E. CL1 [Initialize] Set N 
to be the root node.
CL2 [Leaf check] If N is a leaf then return N.
CL3 [Choose sub tree] If N is not a leaf node then let F be the 
entry in N whose MBR F:I needs least enlargement to include 
E:I. When there are more qualify entries in N, the entry with the 
rectangle of the smallest area is chosen. CL4 [Descend until a 
leaf is reached] N is set to the child node F which is pointed to 
by F:p and repeat from CL2 Adjust Tree pseudo-code: Leaf node 
L is up awarded to the root while adjusting covering rectangles. 
If necessary it comes to propagating node splits.

Fig. 3: 

IV. Experimental Results

Fig. 5:

Fig. 6:

Fig. 7:

Fig. 8:
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V. Conclusions
The problem of clustering uncertain objects whose locations 
are represented by probability density functions. And the means 
algorithm, which was the first algorithm to solve the problem. 
We have the computation of expected distances  dominates the 
clustering process. The UK-means, we have first devised new 
pruning techniques that are based on voronoi diagrams. The VDBi 
algorithm achieves effective pruning by two pruning methods: 
voronoi cell pruning and bisector pruning. We have proved 
theoretically that bisector pruning is strictly stronger than min Max-
BB. We conducted extensive experiments to evaluate the relative 
performance of the various pruning algorithms and combinations. 
The results show that our new pruning techniques outperform 
MinMax-BB consistently over a wide range of experimental 
parameters. The overhead of computing Voronoi diagrams for our 
voronoi-diagram-based technique is paid off by the large number 
of ED calculations saved. The overhead of building an R-tree index 
also gets compensated by the large reduction of pruning costs. 
The experiments also consistently demonstrated that the hybrid 
algorithms can prune more effectively than the other algorithms. 
Therefore, we conclude  that our innovative techniques based on 
voronoi diagrams and R-tree index are effective and practical.  
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